Abstract. The main result of this paper is the generalisation and proof of a conjecture by Gould and Quaintance on the asymptotic behaviour of certain sequences related to the Bell numbers. Thereafter we show some applications of the main theorem to statistics of partitions of a finite set S, i.e., collections B 1 , B 2 , · · · , B k of non-empty disjoint subsets of S such that k i=1 B i = S, as well as to certain classes of partitions of [n].
Introduction
A partition π of a set S is a collection B 1 , B 2 , · · · , B k of non-empty disjoint subsets of S such that k i=1 B i = S (see for example [7] ). The B i 's are called blocks, and the size |B| of a block B is the number of elements in B. We assume that B 1 , B 2 , · · · , B k are listed in increasing order of their minimal elements, that is, min B 1 < min B 2 < · · · < min B k . This is known as the canonical representation. The collection of all set partitions of S is denoted by P(S). We define [n] to be the set {1, 2, · · · , n}. For example, the canonical representations of the five partitions of [3] are {1, 2, 3}; {1, 2}, {3}; {1, 3}, {2}; {1}, {2, 3} and {1}, {2}, {3}.
Let A be a (totally ordered) alphabet of k letters. A word w of size n over the alphabet A is an element of A n . In the case A = [k], an element of A n is called k-ary word of size n. For example, the 2-ary words of size 3 are 111, 112, 121, 122, 211, 212, 221, and 222. In the word form of the set partition canonical representation, we indicate for each integer the block in which it occurs. Thus a partition into k blocks would be represented by a word π = π 1 π 2 · · · π n , where for 1 ≤ j ≤ n, π j ∈ [k] and n i=1 {π i } = [k] , and π j indicates that j ∈ B πj . For example, the above set partitions of [3] in canonical representation are respectively 111, 112, 121, 122, and 123. We denote the set of all partitions of [n] by P( It is a fact (see [7] ) that the canonical representations of all set partitions of [n] are precisely the words π = π 1 π 2 · · · π n such that π 1 = 1, and if i < j then the first occurrence of the letter i precedes the first occurrence of j. Such words are known as restricted growth functions.
Set partitions (or restricted growth functions) have been extensively studied in the literature, see [7] and references therein. The exponential generating function for set partitions is given by
and the Bell numbers B n satisfy the binomial recurrence
Let us define a sequence A n by the following exponential generating function, as in [6] :
The sequence A n , whose first terms are 0, 1, 1, 3, 9, 31, 121, 523, · · · , occurs in various contexts (see entry A040027 in [1] ). In their paper [6] , Gould and Quaintance conjectured that
The main result of this paper is a generalisation of their conjecture, which can be formulated as follows.
Theorem 1. Let g be an entire function in the complex plane that satisfies the growth condition
(1− )|z| ) for some > 0 as |z| → ∞, and let
g(t) dt
be the solution to the differential equation
with
an n! x n and g(x) = ∞ n=0 bn n! x n are the series expansions of F (x) and g(x) respectively, then the coefficients a n satisfy the recursion
Moreover, we have
where C = ∞ 0 e 1−e t g(t) dt and κ is a positive constant.
The paper is organized as follows. In the next section we present the proof of the conjecture of Gould and Quaintance [6] . In Section 3, we provide some combinatorial applications of Theorem 1, in particular we determine the asymptotic number of permutations and set partitions of [n] under varying conditions. ; it will occur repeatedly in many of our other examples as well. We will henceforth denote it by G.
Proof of Theorem 1
The recursion for a n follows directly by comparing coefficients in the differential equation. Now note that
so we only have to show that the coefficients of
−κn/ log 2 n ). By our assumptions on g, the function H(x) can be analytically continued to an entire function in the complex plane, so we can apply Cauchy's integral formula:
Here, R ∼ log n (defined implicitly by Re R = n + 1) is chosen as the saddle point of the generating function e 
Our goal will be to prove a uniform bound for instead of extending the integral to ∞. Write z = Re iθ with |θ| ≤ π, and assume without loss of generality that θ ≥ 0. We consider two different cases now:
• θ ≤ arcsin π 3R : in this case, we note that for all r = Re it (0 ≤ t ≤ θ) on the arc between R and z, the inequality e −e r = exp(− Re(e r )) = exp −e R cos t cos(R sin t) 
we have e 
It follows that
and thus u 0 ≤ 1 − π/(3R sin θ). Now (2.3) gives us
The maximum of R cos θ − π/3 cot θ (as a function of θ) is achieved when sin θ = (π/(3R)) 1/3 , and it is R − (3π 
Combining this with (2.2) and the definition of R as the unique positive solution to the equation Re R = n + 1, we find that
for a positive constant c 4 , which finally proves our claim.
Applications
In the following subsections, we make use of our main theorem, Theorem 1, to establish asymptotics (as n → ∞) for the number of set partitions or classes of permutations of [n] under varying conditions. 3.1. Restricted permutations. We say that a permutation π = π 1 π 2 · · · π n avoids 1-23 if there are no 1 ≤ i < j < n such that π i < π j < π j+1 and we say that for m ≥ 2, π begins with an m-long descent (or m-long rise, respectively) if π 1 > π 2 > · · · > π m (or π 1 < π 2 < · · · < π m respectively) and n ≥ m. We denote the number of permutations of length n that avoid 1-23 and begin with an m-long descent by a n,m . The exponential generating function for the sequence a n,m is given by n≥m a n,m Let A n be the set of permutations of length n that avoid 1-23. Note that |A n | = B n , see [2] . Thus, the above corollary shows that approximately 59.63% of the permutations of A n begin with a descent, but only approximately 26.60% of the permutations of A n begin with a 3-long descent, when n → ∞. The above corollary agrees with the previous one because each permutation of n ≥ 2 begins with a 2-long descent or a 2-long rise.
3.2.
The last block in a set partition. In this section we are interested in the average size of the last block in the canonical representation of a set partition. Equivalently, this is the number of maxima in the associated restricted growth function, which can be decomposed as
where * denotes a possibly empty sequence and where σ (m) denotes a word over the alphabet [m] . This yields the generating function
where x marks the size of the set partition and u marks the number of elements equal to k which are the maxima. This is equivalent to
where the coefficients in the partial fraction decomposition are given by
Now we translate this to exponential generating functions, in which each term of the form x n is replaced by
Multiplying by v k and summing over all k ≥ 1 leads to a differential equation for
It is not hard to check that the solution of this partial differential equation (with initial condition
To obtain the average size of the last block, we differentiate with respect to u and set u = v = 1, which gives us the generating function
also making use of integration by parts. This can be expanded as
where c m are the m-th complementary Bell numbers (A000587 in [1] ). So, for n ≥ 2, we find that the sum of the sizes of the last blocks in all set partition of [n] is
and Theorem 1 immediately yields Corollary 3. The average number of elements in the last block of a set partition written in canonical form is
where 1 + G = 1.5963473623 · · · and where κ is a positive constant, when n → ∞.
Remark 2. Note that the generating function in (3.1) is also the generating function for the number of elements in the first block that are greater than the first maximum (smallest element of the last block). It follows immediately that the average number of elements in the first block that are greater than the minimal element of the last block is G + O(e −κn/ log 2 n ). The same can be said for any other fixed block (second, third, . . . ).
3.3.
Set partitions with m elements in the last block. The generating function method from the previous section could also be used to determine the asymptotic number of set partitions whose last block has precisely m elements (for some fixed m). Let us however discuss an alternative approach that gives a combinatorial interpretation for the recursive formula in Theorem 1 as well. We denote the number of set partitions with m elements in the last block by a m (n). Now, consider such a set partition of [n + 1], and suppose there are k elements, in addition to the mandatory number 1, in the first block. The n − k elements not in this block form a set partition with the same property, i.e., there are a m (n − k) possibilities for them. This leads to the recursion We remark that it would be possible to prove analogous results for the second-last block, etc.
3.4.
The first element in the last block of a set partition. Let us now study the first maximum in a restricted growth function (or equivalently, the minimal element in the last block of the canonical representation of a set partition). It will be more convenient, however, to consider the number of elements greater or equal to the the minimal element in the last block (if this element in a set partition of [n] is m, then this number is n − m + 1). For example the set partition {1, 6}, {2, 4, 8}, {3}, {5, 7} of [8] has m = 5 and n − m + 1 = 4. From the decomposition 1σ
of restricted growth functions, we immediately get the generating function
where x marks the size of the set partition and u marks the number of elements greater or equal to the first maximum. We can follow exactly the same steps as in Section 3.2 to obtain a trivariate exponential generating function, which is now
Differentiating with respect to u and setting u = v = 1 yields the generating function Since differentiating an exponential generating function merely corresponds to a coefficient shift, we can apply Theorem 1 once again to obtain the following corollary:
Corollary 5. The average number of elements greater or equal to the minimal element in the last block of a set partition of [n] is
for a positive constant κ. Here, the constant is G = 0.5963473623 · · · again. Consequently, the mean value of the minimal element in the last block is
Remark 3. Recall that
Bn+1
Bn − 1 ∼ n log n is exactly the average number of blocks in a set partition of [n].
Let us finally determine how many blocks on average contain an element that is greater than the smallest element of the last block. For our example {1, 6}, {2, 4, 8}, {3}, {5, 7} the number of such blocks is 3. In terms of restricted growth functions, this is the number of distinct letters that occur after the first maximum. If k is the number of blocks (letters in the restricted growth function) and r the number of elements after the first maximum, then there are k r − (k − 1) r possibilities for these elements that contain a certain letter. Thus the generating function for the total number of distinct letters after the first maximum is
Passing on to the exponential generating function again, we end up with Q(x, v) = v Combining the results of the last two corollaries, we can say that the average number of elements following the last maximum is about 0.6 times the average number of blocks, while the average number of distinct blocks these elements belong to is about 0.4 times the average total number of blocks.
